P -wave coupled channel effects arising from the DD, DD * + c.c., and D * D * thresholds in e + e − annihilations are systematically studied. We provide an exploratory study by solving the LippmannSchwinger equation with short-ranged contact potentials obtained in the heavy quark limit. These contact potentials can be extracted from the P -wave interactions in the e + e − annihilations, and then be employed to investigate possible isosinglet P -wave hadronic molecules. In particular, such an investigation may provide information about exotic candidates with quantum numbers J P C = 1 −+ . In the mass region of the DD, DD * + c.c., and D * D * thresholds, there are two quark model bare states, i.e. the ψ(3770) and ψ(4040), which are assigned as (1 3 D1) and (3 1 S1) states, respectively. By an overall fit of the cross sections of e + e − → DD, DD * + c.c., D * D * , we determine the physical coupling constants to each channel and extract the pole positions of the ψ(3770) and ψ(4040). The deviation of the ratios from that in the heavy quark spin symmetry (HQSS) limit reflects the HQSS breaking effect due to the mass splitting between the D and the D * . Besides the two poles, we also find a pole a few MeV above the DD * + c.c. threshold which can be related to the so-called G(3900) observed earlier by BABAR and Belle. This scenario can be further scrutinized by measuring the angular distribution in the D * D * channel with high luminosity experiments.
I. INTRODUCTION
Since the observation of the X(3872) in 2003, numerous exotic candidates which do not fit into the conventional quark model spectrum have been observed in experiments. Most of these exotic candidates appear near some open-flavor thresholds which calls for a systematical study of the threshold or coupled channel effects in the relevant channels. For the S-wave interaction, the most famous one is DD * 1 interaction in the isospin singlet channel which is crucial for understanding the nature of the X(3872) [1] [2] [3] [4] [5] [6] [7] [8] [9] . The corresponding coupled channel effects in the isovector channel have also been studied to probe the structure of the Z c (3900) and the Z c (4040/4025) [10] [11] [12] [13] [14] [15] [16] [17] [18] as well as their heavy flavor partners in the bottom sector, i.e. Z b (10610) and Z b (10650) [19] [20] [21] [22] [23] , which are close to the BB * and B * B * thresholds, respectively. Since the S-wave interaction among hadrons can form a bound state more easily than other partial waves, the nearby S-wave threshold and the S-wave interaction which might form a hadronic molecule have attracted a lot of attention. Although an interaction in higher partial waves cannot easily form a bound state, it could also have moderate effects on certain observables within the relevant energy region, especially the next alternative option of a P -wave. Besides the potential S-wave hadronic molecules mentioned above, there are also some vector exotic candidates which appear in e + e − annihilation, such as G(3900) [24, 25] , Y (4008) [26] , Y (4260) [27] , Y (4360) [28] , Y (4630) [29] , Y (4660) [30, 31] and so on.
With the availability of high-luminosity data from Belle and BESIII for e + e − annihilation, it is timely to study the P -wave interactions between a pair of S-wave heavy-light mesons, such as DD, DD * , and D * D * , as well as the S-wave interactions between one S-wave heavy-light meson and one P -wave heavy-light meson, such as D 1D + c.c., D 1D * + c.c., and D 2D * + c.c. pairs. This will help us understand both the conventional heavy quarkonium and the vector exotic candidates. Since in the heavy quark limit the interaction between the two spin multiplets share the same low-energy parameters, the study will also shed light on the existence of other possible exotic candidates but with different quantum numbers. However, up to now, most of the studies on the P -wave or S-wave threshold effect in e + e − colliders are mainly based on the one-loop calculation [32] [33] [34] [35] [36] [37] within some power counting schemes [38] or the effective Lagrangian approach. There are also some studies [39] [40] [41] [42] which focus on the one-channel case. As a result, a systematic study of the P -wave as well as the S-wave interaction in e + e − annihilation is called for. In this paper, we study the P -wave DD, DD * , and D * D * (Fig. 1 ) coupled channel effects in e + e − annihilation within the energy region [3.70, 4.25] GeV. Since the probability for the creation of a pair of strange quarks is much smaller than that of an up and/or down quark pair, we neglect the strange charmed thresholds. 2 The next open flavor channel should be included, such as D 1D (about 4.29 GeV), as long as the energy exceeds the production threshold. This is the reason why we only consider the energy below 4.25 GeV. As we are performing an exploratory study, we include the short-ranged contact potential in the heavy quark limit in addition to the conventional charmonia without including the one-pion exchanged potential. 3 In Sec. II, we present the decomposition of P -wave heavy-light meson pair in the heavy quark limit and the corresponding Lippmann-Schwinger equation. Section III contains the results and discussion. We end with a summary in Sec. IV.
II. FORMALISM
In this section, we present the decomposition formula of the P -wave DD, DD * , and D * D * with quantum number J P C = 1 −− in terms of the heavy and light degrees of freedom which are conserved, respectively, in the heavy quark limit. Accordingly, the short-ranged contact potentials can be obtained from this decomposition. In what follows, the Lippmann-Schwinger equation in the calculation is presented explicitly.
2 A further argument in favor of this assumption is the fact that the cross section of e + e − → D ( * ) sD ( * ) s [43] is about one order of magnitude smaller than those of e + e − → DD, DD * , and D * D * . 3 The discussion of the one-pion exchange potential and the relevant three-body channels, such as DDπ, DD * π will be included in the forthcoming work as well as the next S-wave thresholds, i.e. D 1D + c.c., D 1D * + c.c., and D 2D * + c.c.. As a by-product, pairs with a possible exotic quantum number can also be obtained:
|D * D * s=1
In the heavy quark limit, the S-wave and D-wave charmonia couple to a pair of charmed mesons through the |1 ⊗ 0 and |1 ⊗ 2 components, respectively. Therefore, their decay widths are proportional to the corresponding Clebsch-Gordan coefficient squared. 5 The relative branching ratios are listed in Table I . 6 This relation can also be obtained by constructing the effective interaction based on HQSS as shown in Appendix A.
In the heavy quark limit, we can define the direct contact potentials
which are considered as constant within the small energy region we consider. Besides the four open charm channels, i.e. the DD, DD * + c.c., D * D * s=0 , and D * D * s=2 channels, there are also four expected conventional charmonia within this region, i.e. ψ(2S), ψ(1D), ψ(3S), ψ(2D). In the following, we use the latin letters i, j, · · · = 1, 2, 3, 4 to denote the open charm channels and the greek letters α, β · · · = 1, 2, 3, 4 to denote the bare pole terms. As a result, the corresponding potential among these eight channels is
with
jk µ kα . Here, µ βl = µ lβ = 0 only when β = 1, 3, and l = 2 or β = 2, 4 and l = 4. For further use, we rename the coupling constants
so that their physical meanings are manifest, i.e. these are the couplings between the bare charmonia and the open charmed channels.
B. The Lippmann-Schwinger equation
Due to the zero component in Eq. (11), the Lippmann-Schwinger equation (LSE), T = V − V GT , can be split into two subgroups
and
with G i the two-body propagator and S α = (m 2 α − s) −1 the bare pole propagator. Substituting Eq. (14) into Eq. (13), one can obtain (17) with the effective potentialV ij = V ij − V iα S α V αj . With the above equation for T ij and Eq. (14) , one can also calculate the transition matrix T αi between the charmonia and the charmed meson pair. Substituting Eq. (16) into Eq. (15), one can also extract the transition matrix from bare charmonia to the open charmed channels
Again, the transition matrix T αβ among the charmonia can be extracted from Eq. (16) accordingly. Now the 8 × 8 matrix is reduced to several 4 × 4 matrices. The bare production amplitude is defined as
the couplings between the virtual photon and the corresponding charmonia.
is the coupling between the virtual photon and the ith open charmed channel. The physical production amplitude can be obtained from
with the physical production amplitudes of the open charm channels and bare poles given by
Substituting Eq. (20) to Eq. (19), one can obtain the physical production amplitudes of the open charm channels
in terms of the effective bare production amplitudesF i = F i − V iα S α f α and the effective potentialŝ V ij . Here the contribution of the bare charmonium pole is absorbed into the definition of the effective bare production amplitudesF i and the effective potentialsV ij . Since we only consider separable contact potentials in our calculation, the momentum from the two P -wave vertices can be absorbed into the definition of the two-body propagator G i as
with the s = 0 and s = 2 projectors
for the D * D * channel. In principle, the two additional momentum factors from two P -wave vertices l µ l ν can be reduced as G 00 g µν + p µ p ν G 11 , with p the external momentum. Since the photon is produced from e + e − annihilation, it is transversely polarized, −g µν + p µ p ν p 2 ∼ δ ij , with i, j being spatial indexes. As a result, Eqs. (23)- (26) can be simplified as −4G 00 (s, m 2 i1 , m 2 i2 ), with m i1 and m i2 the masses of the ith channels and s the incoming energy squared, times the corresponding interaction structure. The definition of G 00 can be found in Appendix B.
C. The cross section
As shown in Fig.1 , the scattering amplitude for the process
with p − (p + ) the four-momentum of the electron (positron) and p the sum of them. P µν γ (p) = −g µν is the numerator of the photon propagator. As discussed in the above section, since the photon has a transversal polarization, only the transverse part P T µν γ
T ν is the production amplitude obtained from the LSE. Then the amplitude squared is
with s = p 2 . The production amplitudes for the four open charmed channels are
Then the corresponding amplitudes squared are
with the differential cross sections given by
One can obtain the total cross section by integrating over the angle θ and then perform an overall fit to the e + e − → DD [25] , DD * and D * D * [45] cross sections to extract the parameters of the model.
III. RESULTS AND DISCUSSIONS
In this section, we present our fit results and extract the interesting physical quantities which can be confirmed or excluded by further detailed energy scans at electron-positron colliders. To obtain the low-energy parameters (Table II) , an overall fit to the e + e − → DD, DD * , and D * D * cross (c) 
79.70 ± 1.15 5.79 ± 0.22 43.90 ± 0.50 49.28 ± 1.37
0.90 ± 0.05 15.69 ± 0.04 3.65 ± 0.11 8.66 ± 0.15 sections is carried out and and the fit results are presented in Fig.2 . 8 In Table II the parameters C i of the short-ranged contact interactions as defined in Eqs. (9) and (10) are displayed. Since C 2 reflects the contribution from |1 ⊗ 0 , which has the similar effect from the S-wave charmonia, some of its contribution could be absorbed into the nearby S-wave charmonia. The case for the parameter C 4 is analogous for the D-wave charmonia. The parameters g 2S , g 3S , g 1D , and g 2D are the bare couplings between the conventional ψ(2S), ψ(3S), ψ(1D), ψ(2D) and a pair of open charmed mesons. g 
by plugging the plane wave Dirac spinors into the vector currentcγ µ c with a O( Λ QCD mc ) correction as discussed in Ref [46] . Here, E is the total energy and m c is the charm quark mass. The ratio R 2 = 1.4% is estimated with the energy at the average of ψ(3686) and ψ(4160) which are expected to be dominated by the ψ(2S) and ψ(2D) components, respectively. However, their fit values are at the same order which indicates that there are large corrections from higher order terms. f However it could be largely modified by the final-state hadronic process [47] , i.e. hadronizing to a pair of charmed mesons, which is not as good a quantity as R i to test higher order contributions.
A. The poles of ψ(3770) and ψ(4040)
As shown in Fig.2 , the signals of the expected charmonia ψ(3770), ψ(4040) and ψ(4160) are very different in these three channels. The ψ(3770) appears to be a pronounced peak which is isolated from other resonance structures. In comparison, the signals for both ψ(4040) and ψ(4160) are not significant in both DD and DD * channels. They only show some structures in the D * D * channel. When the conventional charmonia are close to some thresholds, their mass positions, line shapes or other physical quantities can be largely influenced by their strong interactions with the open channels [48] . In general, the S-wave interactions will appear to be the most significant ones, but sometimes the P -wave will also become crucial as we will show in this work. To extract the resonance parameters of these charmonia and obtain a consistent understanding of the effect from the nearby thresholds, an overall fit within the coupled channel framework is necessary.
In the following, we extract the pole positions of the dressed charmonia on the complex energy plane. Since only poles which are located on the physical sheet or close ones can affect the physical measurement significantly, we only search for poles on these sheets. Accordingly, we only care about the poles in the following energy regions on each Riemann sheet,
As shown in Table III, 9 the mass position of the ψ(3770) on sheet II is 11 MeV lower than the measured mass 3773.15 ± 0.33 MeV, which is obtained by a Breit-Wigner fit. The fit width 12 MeV is much smaller than the measured width 27.2 ± 1.0 MeV. The deviation means that there are other decay modes for the ψ(3770) as discussed in Ref. [49] . Another reason is that there is a difference between the pole width and the Breit-Wigner width for a broader state. The ratio of the effective couplings to the four channels is 13.53 : 9.48 : 5.88 : 16.78 = 1 : 0.70 : 0.43 : 1.24 which is different from that of both a pure S-wave charmonium s=2 channels which are dominated by the |0 ⊗ 1 and |1 ⊗ 0 components with relatively large strengths, respectively, its favored hidden charm decay channels would be η c plus a light isosinglet vector (such as ω or three pions) and J/ψ plus two S-wave pions.
The poles corresponding to ψ(3686) and ψ(4160) are not listed in Table III . As the energy of ψ (3686) is below the open charm thresholds, it mainly decays into light mesons and lower charmonia, in which case our method lacks precision. On the other side, ψ(4160) is much more influenced by higher thresholds which we will investigate in detail in a forthcoming work.
B. The interpretation of the G(3900)
Since the observation of the G(3900) in the ISR process e + e − → (γ)DD by BABAR and Belle [24, 25] in 2007 and 2008, various groups have been paying attention to the P -wave interaction between a pair of charmed mesons [37, [39] [40] [41] [42] 50] . The P -wave interaction between D and D * is of great interest since it can be investigated in e + e − collisions. With the fit parameters, we find a pole at 3.879 ± i0.032 GeV on sheet III 4 MeV above the DD * threshold, which corresponds to the G(3900) structure. It is a resonance and can decay into the two lower channels, i.e. DD and DD * . Its coupling ratio to the four channels is 4.40 : 10.96 : 7.63 : 18.15 = 1 : 2.49 : 1.73 : 4.13. Although it deviates from the ratios by the pure S-wave and pure D-wave charmonium, we cannot conclude that it does not have any cc component due to the HQSS breaking. Because it strongly couples to the DD * and D * D * s=2 channels, it will show a significant threshold effect at the DD * and D * D * thresholds, especially in the isospin breaking channels [51] due to the mass difference between the charged meson loops and the neutral ones. Since the |1 ⊗ 2 and |1 ⊗ 0 components dominate the DD * and D * D * s=2 channels, respectively, we would also expect its signal in J/ψ plus two D-wave pions and S-wave pions channels. To further pin down the nature of the G(3900), higher-statistics data are necessary. The different angular distribution means that it can help to disentangle how large the s = 0 and s = 2 components should be and can also be viewed as evidence for our scenario.
Since the 1 − 1 7 cos 2 θ distribution cannot be distinguished from a flat distribution if the integrated luminosity is not high enough, one can alternatively define an asymmetry parameter
to disentangle the components. As discussed above, since the ψ(4160) will be affected by large effects from the next threshold, the angular distribution at 4.04 GeV is the best energy point to disentangle it. Our results indicate that the ratio between these two components at 4.04 GeV is
with the total cross sections 1.52 nb for s = 0 and 1.23 nb for s = 2. With our fit parameters, the asymmetry is estimated as A(4.04) = 0.39.
For pure s = 0 and pure s = 2, the asymmetries are A s=0 (4.04) = 0.31 and A s=2 (4.04) = 0.48, respectively. It can be confirmed or excluded by a further detailed energy scan at BESIII with high integrated luminosity.
D. Searching the 1 −+ exotic candidate
Besides the 1 −− quantum number for the P -wave interaction, 1 −+ quantum number can also be obtained [52] as shown in Eqs. (7) and (8) . Since 1 −+ is an exotic quantum number which cannot be obtained with a conventional cc configuration, there is no bare charmonium pole contribution in this channel. The only relevant low-energy parameters are C 1 and C 3 due to the appearance of the |0 ⊗ 1 and |1 ⊗ 1 components in the wave functions of the 1 −+ channel. As a result, the corresponding contact potential is
with the values of C 1 and C 3 given in Table II . Since the relevant channels are DD * and D * D * , we can define the physical Riemann sheets and the close sheets as
With the central values of C 1 and C 3 , we obtain two poles which would affect the measurements. One is on the physical sheet about 500 MeV below the DD * threshold and couples to the DD * and D * D * s=1 channels with equal strength. The equal couplings are a consequence of the two facts of the HQSS. One is that the two diagonal elements in the potential [Eq. (44) ] are the same and similarly for those two off-diagonal elements. Another one is that the mass splitting between D and D * is much smaller than the difference between the pole mass and the open-charm thresholds. In this case, the masses of D and D * are approximately degenerate. No matter on which sheets the poles are located, once they are below the two thresholds (bound states on the physical sheet or virtual states on an unphysical sheet), they couple with equal strength to these two channels. However, since the pole is very deep with about 500 MeV binding energy, it is far beyond the applicable energy region of the contact term interaction. One cannot predict reliably any deep pole without energy-dependent potentials, such as the one-pion exchange potential.
We also find a pole 3.915 ± i0.003 GeV on sheet II with the effective couplings 7.91 and 3.48 to the DD * and D * D * channels, respectively. It is only 40 MeV above the DD * threshold which is acceptable with only the short-ranged contact interaction. The |0 ⊗ 1 component has two possible S-wave decay channels dictated by the symmetry. The product can be either h c + (3π) 1 −− with the isosinglet J P C = 1 −− three pions 11 or η c + (4π) 1 ++ . However, only the η c + (4π) 1 ++ can be accessed due to the phase space constraint. The |1 ⊗ 1 component can P -wave decay to both J/ψ + (3π) 1 −− and χ cJ + (2π) 0 ++ . Among those J/ψ plus three pions channel is the most favoured one due to its larger phase space. Therefore, we would expect that the J/ψ +(3π) 1 −− and η c +(4π) 1 ++ channels are the best ones to measure this potential 1 −+ exotic state in the e + e − → γJ/ψ3π and e + e − → γη c 4π processes.
The wave functions of the two 1 −+ exotic states, i.e. Eqs. (7) and (8) , are similar to those of the Z b (10610) and Z b (10650), cf. Eq. (3) in Ref. [53] . The similarity means that the signs of the component |1 × 1 (|0 × 1 ) with heavy quark spin s Q = 1 (s Q = 0) in these two wave functions are the same (opposite). Consequently, the production amplitudes of these two 1 −+ states in e + e − → γ1 −+ → γJ/ψ3π and e + e − → γ1 −+ → γη c 4π processes are
A(e + e − → γ1
with g γi the coupling strengths between the ith 1 −+ state and two photons. E i and Γ i are the energy and width of the ith 1 −+ state, respectively. In the HQSS limit, g J/ψ2 /g J/ψ1 = g γ2 /g γ1 = 1 due to the same sign of the component |1 × 1 in Eqs. (7) and (8) . The case for the |0 × 1 component is different, i.e. g ηc2 /g ηc1 = −1. One would expect that there is destructive (constructive) interference in the J/ψ3π (η c 4π) invariant mass distribution when the energy lies between the pole positions, which is similar to that for the two Z b states in the Υπ (h b π) channel. However, the two poles in our case are not close enough to make this interference pattern as significant as that for the two Z b states [53] .
IV. SUMMARY
We have studied the P -wave DD, DD * , and D * D * coupled channel effects with a the short-ranged separable contact term interaction in the heavy quark limit by solving the Lippmann-Schwinger equation. To extract the physical quantities, we fit the cross sections of e + e − → DD, DD * , and D * D * within the energy region [3.7, 4.25] GeV. Since there are some conventional charmonia, such as ψ(2S), ψ(3S), ψ(1D), and ψ(2D) in this mass region, these bare pole terms are also included in the calculation in addition to the contact potential. After having fitted the parameters of the model, we extract the pole positions of the ψ(3770) and ψ(4040) as well as their couplings to each channel. The pole positions of both ψ(3686) and ψ(4160) are left for the forthcoming work after including all the relevant thresholds. It is an efficient and consistent way to extract the resonance parameters and the couplings of a state below threshold. Besides the two poles, another pole at 3.879 ± i0.035 GeV on the unphysical sheet is also found which may correspond to the so-called G(3900) observed by BABAR and Belle. However, due to the limitations in statistics of these data, to further pin down the nature of G(3900) a detailed scan of the open charmed channels in the e + e − annihilation process is necessary. We also propose that the angular distribution, or the asymmetry A if the luminosity is not high enough, in the D * D * channel can test our model. Besides the 1 −− quantum number, the P -wave DD * and D * D * interaction can also access the exotic 1 −+ quantum number. Since 1 −+ is an exotic quantum number, there is no bare pole term in this channel. With the relevant parameters C 1 and C 3 fitted in the 1 −− channels, we find a pole 3.915 ± i0.003 GeV, 40MeV above DD * threshold. It can be measured in the J/ψ + 3π and η c + 4π invariant mass distributions in e + e − → γJ/ψ3π and e + e − → γη c 4π processes by further experiments with high integrated luminosity.
